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Let G be a ﬁnite group, K be a ﬁeld and G → GL(V ) be a faith-
ful representation where V is a ﬁnite-dimensional vector space
over K . In this paper, we will consider the problem which asks
whether the ﬁxed ﬁeld K (V )G is rational (i.e. purely transcenden-
tal) over K . This is a variant of Noether’s problem. We will show
the complete results of this problem in the case where G is a
2-group, K = Q and dim V = 4 and 5. Our results imply the ex-
istence of a generic polynomial for the corresponding group.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
In this paper, we will show the complete results of Problem 3 below for 2-groups for K = Q and
n = 4 and 5. In this section, we will explain the background of this research.
Problem 1 (Noether’s problem). Let G be a ﬁnite group and K be a ﬁeld. Let K (xg : g ∈ G) be the
rational function ﬁeld with G-actions deﬁned by h · xg = xhg for any h, g ∈ G . Noether’s problem asks
whether the ﬁxed ﬁeld K (G) = K (xg : g ∈ G)G is rational over K .
A variant of the above problem is the following problem.
Problem 2. Let G be a ﬁnite group, K be a ﬁeld and G → GL(V ) be a faithful representation where V
is a ﬁnite-dimensional vector space over K . Is the ﬁxed ﬁeld K (V )G rational over K?
Note that, if there is a G-equivariant embedding of V into the regular representation space of G ,
then an aﬃrmative answer to Problem 2 will guarantee that K (G) is rational over K by Theorem 8
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again by Theorem 8, which is suﬃcient to assert the existence of generic polynomials by DeMeyer
and McKenzie [12]. It is one of the most important results in the inverse Galois problem, which asks
whether there is a G-extension over K for a given algebraic number ﬁeld K and a ﬁnite group G .
In this paper, we will consider the following problem for K = Q and n = 4 and 5, which is a
particular case of Problem 2.
Problem 3. Let K be a ﬁeld and G be a ﬁnite subgroup of GL(n, K ). If we deﬁne G-action on
K (x1, . . . , xn) by
σ(x j) =
n∑
i=1
aijxi ( j = 1, . . . ,n) for ∀σ = (aij) ∈ G,
then is the ﬁxed ﬁeld K (x1, . . . , xn)G rational over K?
Our main result is Theorem 7 below. We just mention some relevant results.
Theorem 4. (See Oura and Rikuna [14].) If K = Q and n = 3, Problem 3 has an aﬃrmative answer for any G.
We were informed by the referee that Trepalin [16] obtained the same result as Theorem 4.
Theorem 5. If K = Q and n = 4, Problem 3 has a negative answer in case G is isomorphic to C8 , the cyclic
group of order 8.
This theorem follows from Lenstra’s theorem [13] combined with Theorem 8. (See the remark at
the end of Hajja [5] and Example 2.3 in Ahmad, Hajja and Kang [1].) It is interesting to investigate
the case K = Q and n = 4 because of Theorems 4 and 5. The following theorem is a result for any
ﬁeld, but if we apply it for subgroups of GL(4,Q), we get the partial results of Problem 3 for K = Q
and n = 4.
Theorem 6. (See Kang [11].) Problem 3 for K = Q and n = 4 has an aﬃrmative answer for any non-abelian
groups of order 16, except for one which is isomorphic to the generalized quaternion group.1
Our eventual aim is to investigate Problem 3 for all G for K = Q and n = 4, but we have so far
completed it for all 2-groups and at the same time it leads to the results for all 2-groups of n = 5.
Our main theorem is as follows.
Theorem 7. Problem 3 for K = Q and n = 4 and 5 has an aﬃrmative answer if G is a 2-group which is not
isomorphic to C8 and C8 × C2 .
In general, for mutually conjugate subgroups G1 and G2 of GL(n,Q), Problem 3 are the same by
changing variables. So we only consider the conjugacy classes of ﬁnite subgroups of GL(n,Q). There
are 67 2-subgroups out of the 227 ﬁnite subgroups in GL(4,Q), and there are 238 2-subgroups out of
the 995 ﬁnite subgroups in GL(5,Q). Actually, in the former case, these subgroups are subgroups of
D4 C2, and in the latter case, these subgroups are reducible and are subgroups of (D4 C2)×C2, where
D4 is the dihedral group of order 8. (See Table 1 in Section 4 and the explanation of 2-subgroups of
GL(5,Q) in Section 3.2 (cf. [2,3]). See also Proposition 13 (Serre [15]) in Section 3.)
1 If G is the generalized quaternion group of order 16 and K (ζ8) is cyclic over K (in case char K = 2), then Noether’s problem
is also aﬃrmative. See Theorem 1.4 in [11].
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We recall some results which are used repeatedly throughout this paper.
Theorem 8. (See Hajja and Kang [9].) Let L be a ﬁeld and G a ﬁnite group acting on L(x1, . . . , xm), the rational
function ﬁeld of m variables over L. Suppose that
(1) for any σ ∈ G, σ(L) ⊂ L;
(2) the restriction of the action of G to L is faithful;
(3) for any σ ∈ G,
⎛
⎝
σ(x1)
...
σ (xm)
⎞
⎠= A(σ )
⎛
⎝
x1
...
xm
⎞
⎠+ B(σ )
where A(σ ) ∈ GL(m, L) and B(σ ) is an m × 1 matrix over L.
Then there exist z1, . . . , zm ∈ L(x1, . . . , xm) such that L(x1, . . . , xm)G = LG(z1, . . . , zm).
The following theorems are often useful.
Theorem 9. (See Hajja and Kang [8].) Let K be any ﬁeld and σ K-automorphism of K (x, y) deﬁned by σ(x) =
a/x, σ(y) = b/y (a,b ∈ K×). Then K (x, y)〈σ 〉 = K (u, v) where
u := x−
a
x
xy − abxy
, v := y −
b
y
xy − abxy
.
When we use Theorem 8, there are some cases where we can reduce Problem 1 to the problem
for monomial group actions. Here a monomial action is deﬁned as follows.
Deﬁnition 10. Let K be a ﬁeld and σ ∈ AutK K (x1, . . . , xn). Then σ is called monomial if
σ(xi) = αi(σ )
n∏
j=1
x
ai, j
j , αi(σ ) ∈ K×, i = 1, . . . ,n, (ai, j) ∈ GL(n,Z).
Particularly, if αi(σ ) = 1 for ∀i, then we call σ a purely monomial action.
Problem 11. Let K be a ﬁeld and G a ﬁnite group consisting of monomial K -automorphisms of
K (x1, . . . , xn). Then is the ﬁxed ﬁeld K (x1, . . . , xn)G rational over K?
For this problem, the following theorem holds.
Theorem 12. (See Hajja, Kang, Hoshi and Rikuna [5–8,10].)
(1) If n = 2, Problem 11 is aﬃrmative for arbitrary K and G.
(2) If n = 3, Problem 11 is aﬃrmative for arbitrary K in case G consists of purelymonomial K -automorphisms.
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3.1. The case n = 4
Let us consider a 2-subgroup G of GL(4,Q). It is conjugate to one of 67 subgroups of the group
〈m,m′, γ , c4, c′4〉, where we put
c2 :=
⎛
⎜⎝
−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1
⎞
⎟⎠ , m :=
⎛
⎜⎝
1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1
⎞
⎟⎠ ,
c4 :=
⎛
⎜⎝
0 1 0 0
−1 0 0 0
0 0 1 0
0 0 0 1
⎞
⎟⎠ , γ :=
⎛
⎜⎝
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
⎞
⎟⎠ ,
c′2 := γ c2γ , m′ := γmγ , c′4 := γ c4γ , c8 := γ c4.
These 67 groups can be found in [2] or by GAP [3], and they are listed in Section 4. For the con-
venience of readers, we quote results in Serre’s paper [15, p. 5, 1.3.1; p. 7, Exercise]. By using the
following proposition, readers will understand much better the ﬁnite subgroups of GL(n,Q) when n
is small.
Proposition 13. (See Serre [15].)
(1) Let A be a ﬁnite subgroup of GL(n,Q). Then A is conjugate to a subgroup of GL(n,Z).
(2) Let A(n) be a maximal 2-group of GL(n,Q). Then the A(n)’s can be characterized by the following three
properties:
A(1) = {±1}.
A(2n) = (A(n) × A(n)) · {±1} (wreath product) if n is a power of 2.
A(n) = A(2m1 ) × · · · × A(2mk ) if n = 2m1 + · · · + 2mk with m1 < · · · <mk.
The main theorem of this subsection is the following.
Theorem 14. If G satisﬁes one of the following conditions, then Q(x1, x2, x3, x4)G is rational over Q.
(1) c2 ∈ G.
(2) c2c′2 /∈ G.
(3) G  〈m,m′, c4, c′4〉.
Proof. Deﬁne
y1 := x1/x2, y2 := x3/x4, y3 := x2, y4 := x4,
z1 := y23, z2 := y24, z3 := y3 y4.
Then we see that the actions of m, m′ , γ , c4 and c′4 on these variables are as follows:
y1 y2 y3 y4 z1 z2 z3
m −y1 y2 −y3 y4 z1 z2 −z3
m′ y1 −y2 y3 −y4 z1 z2 −z3
γ y2 y1 y4 y3 z2 z1 z3
c4 −1/y1 y2 y1 y3 y4 y21z1 z2 y1z3
c′ y −1/y y y y z y2z y z4 1 2 3 2 4 1 2 2 2 3
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y3, y4)G = (Q(y1, y2, y3, y4)H )G/H . Note that H is one of 〈1〉, 〈c2〉, 〈c′2〉, 〈c2c′2〉 and 〈c2, c′2〉 and
Q(y1, y2, y3, y4)H is equal to Q(y1, y2, y3, y4), Q(y1, y2, z1, y4), Q(y1, y2, y3, z2), Q(y1, y2, z1, z3)
and Q(y1, y2, z1, z2) respectively.
If G satisﬁes the condition (3), then it is easy to see from the above table that G/H-action
on Q(y1, y2, y3, y4)H satisﬁes the conditions of Theorem 8, whatever H is. Thus in this case
Q(x1, x2, x3, x4)G is rational over Q by Theorem 12(1), the result of rationality problem for two-
dimensional monomial group actions.
If G satisﬁes (1) or (2), then H is one of 〈1〉, 〈c2〉, 〈c′2〉 and 〈c2, c′2〉. If H is 〈c2〉 or 〈c′2〉, then
G must satisfy (3). In fact, if σ ∈ G satisﬁes σ /∈ 〈m,m′, c4, c′4〉, then σ(y4) /∈ Q(y1, y2, y23, y4) =
Q(x1, x2, x3, x4)H because σ(y4) is a polynomial of y3 of degree 1. Hence it contradicts that H is
a normal subgroup of G . If H is 〈1〉 or 〈c2, c′2〉, Q(x1, x2, x3, x4)G is rational over Q for the same
reason as the case (3). 
We see that 63 subgroups out of 67 ones in the list of Section 4 satisfy the condition of Theo-
rem 14. Hence Problem 3 for K = Q and n = 4 is aﬃrmative for them.
The remainders are four groups: (4,26,1), (4,26,2), (4,32,1) and (4,32,3). Here the notation
(4, i, j) is the ID number of each conjugacy class of subgroups of GL(4,Q) and it means the j-th
group of i-th crystal system in dimension 4. (See [2].)
Problem for the group (4,26,1) has a negative answer by Theorem 5. Problem for the other three
groups has been proved in Chu, Hu and Kang [4].
Theorem 15. (See Chu, Hu and Kang [4].) If G is any one of (4,26,2), (4,32,1) and (4,32,3), then
Q(x1, x2, x3, x4)G is rational over Q.
In summary, we found that Problem 3 is aﬃrmative for every 2-subgroup of GL(4,Q), except for
one which is isomorphic to C8.
3.2. The case n = 5
Let us consider a 2-subgroup G of GL(5,Q).
For g = m,m′, c4, c′4, c8 and γ , we use the same symbol g for the following shape of matrix of
degree 5:
g :=
⎛
⎜⎜⎜⎜⎝
0
g 0
0
0
0 0 0 0 1
⎞
⎟⎟⎟⎟⎠
and we put
δ :=
⎛
⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 −1
⎞
⎟⎟⎟⎠ .
Then G is conjugate to one of 238 subgroups of 〈m,m′, γ , c4, c′4, δ〉. See GAP package CARAT.
Theorem 16. If G  C8,C8 × C2 , then Q(x1, . . . , x5)G is rational over Q.
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Q(x1, . . . , x5)
G = Q(x1, . . . , x4, x52
)G/〈δ〉
and x52 is ﬁxed by G/〈δ〉. Then this is the same as four-dimensional case.
If G doesn’t contain δ, G acts faithfully on the four-dimensional part Q(x1, . . . , x4) and satisﬁes
the conditions of Theorem 8. Then Q(x1, . . . , x5)G is rational over Q if and only if Q(x1, . . . , x4)G is
rational over Q. 
In summary, we found that Problem 3 is aﬃrmative for every 2-subgroups of GL(5,Q), except for
〈c8〉, 〈c8δ〉 and 〈c8, δ〉.
4. List of conjugacy classes of 2-subgroups of GL(4,Q)
Table 1 is a list of conjugacy classes of 2-subgroups of GL(4,Q). We refer to [2]. But the generators
in [2] were changed by other ones so that we can apply theorems easily. In Table 1, the “Number”
column shows the ID number of each conjugacy class in [2]. Readers can consult the database of GAP
package CRYSTCAT for them by their ID number. The second, third and fourth columns show the data
of each group. We omit the description of structure for some groups of order 16, 32, 64, 128, because
of complexity. Instead of it, we show GAP ID code for them. So, readers can consult easily the SMALL
GROUP LIBRARY in GAP for the detail information. The last column shows the results of Problem 3 for
each group. The symbol “A” means aﬃrmative answer and “N” means negative answer.
Table 1
Number Order Structure Generators Result
(4,1,1) 1 1 1 A by Thm. 14(1) or (2)
(4,1,2) 2 C2 c2c′2 A by Thm. 14(2)
(4,2,1) 2 C2 m′ A by Thm. 14(1) or (2)
(4,2,2) 2 C2 c2c′2m′ A by Thm. 14(1) or (2)
(4,2,3) 4 C2 × C2 m′, c2c′2 A by Thm. 14(2)
(4,3,1) 2 C2 c2 A by Thm. 14(1) or (2)
(4,3,2) 4 C2 × C2 c2, c′2 A by Thm. 14(1) or (2)
(4,4,1) 4 C2 × C2 c2,m A by Thm. 14(1) or (2)
(4,4,2) 4 C2 × C2 c2, c′2m′ A by Thm. 14(1) or (2)
(4,4,3) 4 C2 × C2 c2, c′2m A by Thm. 14(1) or (2)
(4,4,4) 8 C2 × C2 × C2 c2, c′2,m A by Thm. 14(1) or (2)
(4,5,1) 4 C2 × C2 c2,mc′2m′ A by Thm. 14(1) or (2)
(4,5,2) 8 C2 × C2 × C2 c2, c′2,mm′ A by Thm. 14(1) or (2)
(4,6,1) 8 C2 × C2 × C2 c2,m, c′2m′ A by Thm. 14(1) or (2)
(4,6,2) 8 C2 × C2 × C2 c2,mc′2,m′ A by Thm. 14(1) or (2)
(4,6,3) 16 C2 × C2 × C2 × C2 c2, c′2,m,m′ A by Thm. 14(1) or (2)
(4,7,1) 4 C4 c′2, c2c′4 A by Thm. 14(1) or (2)
(4,7,2) 4 C4 c4 A by Thm. 14(1) or (2)
(4,7,3) 8 C4 × C2 c2, c′2, c′4 A by Thm. 14(1) or (2)
(4,7,4) 8 D4 c′2, c2m′, c2c′4 A by Thm. 14(1) or (2)
(4,7,5) 8 D4 c′4, c2m′ A by Thm. 14(1) or (2)
(4,7,6) 8 D4 c′4,m′ A by Thm. 14(1) or (2)
(4,7,7) 16 D4 × C2 c2, c′2,m′, c′4 A by Thm. 14(1) or (2)
(4,10,1) 4 C4 c4c′4 A by Thm. 14(2)
(4,12,1) 4 C4 c′2, c2mc′4 A by Thm. 14(1) or (2)
(4,12,2) 8 C4 × C2 c2, c′2,mc′4 A by Thm. 14(1) or (2)
(4,12,3) 8 D4 c′2, c2mm′,m′c′4 A by Thm. 14(1) or (2)
(4,12,4) 8 D4 c′2,mm′, c2mc′4 A by Thm. 14(1) or (2)
(4,12,5) 16 D4 × C2 c2, c′2,mm′,mc′4 A by Thm. 14(1) or (2)
(4,13,1) 8 C4 × C2 c′4, c2m A by Thm. 14(1) or (2)
(4,13,2) 8 C4 × C2 c′2,m, c2c′4 A by Thm. 14(1) or (2)
(4,13,3) 8 D4 c′2,mm′c′4, c2c′4 A by Thm. 14(1) or (2)
H. Kitayama / Journal of Algebra 324 (2010) 591–597 597Table 1 (continued)
Number Order Structure Generators Result
(4,13,4) 8 D4 c′4, c2mm′ A by Thm. 14(1) or (2)
(4,13,5) 16 C4 × C2 × C2 c4, c′2,m′ A by Thm. 14(1) or (2)
(4,13,6) 16 D4 × C2 c′4, c2m,m′ A by Thm. 14(1) or (2)
(4,13,7) 16 D4 × C2 c′2,m, c2m′,m′c′4 A by Thm. 14(1) or (2)
(4,13,8) 16 D4 × C2 c′4, c2m,mm′ A by Thm. 14(1) or (2)
(4,13,9) 16 D4 × C2 c2, c′4,mm′ A by Thm. 14(1) or (2)
(4,13,10) 32 D4 × C2 × C2 c2, c′4,m,m′ A by Thm. 14(1) or (2)
(4,16,1) 8 D4 c4c′4,mm′ A by Thm. 14(2)
(4,18,1) 8 C4 × C2 c2, c′2, c4c′4 A by Thm. 14(1) or (2)
(4,18,2) 16 [16,3] c2, c′2,mc4,mc′4 A by Thm. 14(1) or (2)
(4,18,3) 16 [16,3] c2, c′2,mc4m′c′4, c4m′ A by Thm. 14(1) or (2)
(4,18,4) 16 D4 × C2 c2, c′2,mm′, c4c′4 A by Thm. 14(1) or (2)
(4,18,5) 32 [32,27] c2, c′2,mc4,m′c′4,mm′ A by Thm. 14(1) or (2)
(4,19,1) 16 [16,4] c4, c′2,mc′4 A by Thm. 14(1) or (2)
(4,19,2) 16 C4 × C4 c4, c′4 A by Thm. 14(1) or (2)
(4,19,3) 32 D4 × C4 c4, c′4,m A by Thm. 14(1) or (2)
(4,19,4) 32 [32,28] c4, c′2,mm′,mc′4 A by Thm. 14(1) or (2)
(4,19,5) 32 [32,34] c4, c′4,mm′ A by Thm. 14(1) or (2)
(4,19,6) 64 D4 × D4 c4, c′4,m,m′ A by Thm. 14(1) or (2)
(4,26,1) 8 C8 c8 N by Thm. 5
(4,26,2) 16 D8 c8, γmm′ A by Thm. 15
(4,32,1) 8 Q 8 c4c′4,mm′γ c2 A by Thm. 15
(4,32,2) 16 [16,6] c8, c′2 A by Thm. 14(1)
(4,32,3) 16 [16,8] c8,mm′c′4 A by Thm. 15
(4,32,4) 16 [16,13] c2, c′2, c4c′4, γmm′ A by Thm. 14(1)
(4,32,6) 32 [32,43] c2, c′2,mm′c′4, c8 A by Thm. 14(1)
(4,32,7) 32 [32,7] c2, c′2, c8,mc4m′c′4 A by Thm. 14(1)
(4,32,8) 32 [32,11] c8, c′2, γ c2 A by Thm. 14(1)
(4,32,9) 32 [32,6] c2, c′2, γ , c4m′ A by Thm. 14(1)
(4,32,10) 32 [32,49] c2, c′2,mm′, c4c′4, γ A by Thm. 14(1)
(4,32,12) 64 [64,134] c4, c′4,mm′, γ A by Thm. 14(1)
(4,32,13) 64 [64,32] c8, c2, c′2,m,m′ A by Thm. 14(1)
(4,32,14) 64 [64,138] c2, c′2,mc4,m′c′4, c4c′4, γ A by Thm. 14(1)
(4,32,15) 64 [64,34] c4, c′4,mm′, γ c2m′ A by Thm. 14(1)
(4,32,17) 128 [128,928] c4, c′4,m,m′, γ A by Thm. 14(1)
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